We construct new twisted Euler polynomials and numbers. We also study the generating functions of the twisted Euler numbers and polynomials associated with their interpolation functions. Next we construct twisted Euler zeta function, twisted Hurwitz zeta function, twisted Dirichlet l-Euler numbers and twisted Euler polynomials at non-positive integers, respectively. Furthermore, we find distribution relations of generalized twisted Euler numbers and polynomials. By numerical experiments, we demonstrate a remarkably regular structure of the complex roots of the twisted q-Euler polynomials. Finally, we give a table for the solutions of the twisted q-Euler polynomials.
Introduction and notations
Throughout this paper, we use the following notations. By Z p we denote the ring of p-adic rational integers, Q denotes the field of rational numbers, Q p denotes the field of p-adic rational numbers, C denotes the complex numbers field, and C p denotes the completion of algebraic closure of Q p . Let ν p be the normalized exponential valuation of C p with |p| p = p −νp(p) = p −1 . When one talks of q-extension, q is considered in many ways such as an indeterminate, a complex number q ∈ C, or p-adic number q ∈ C p . If q ∈ C, one normally assumes that |q| < 1. If q ∈ C p , we normally assume that |q − 1| p < p −1/(p−1) so that q x = exp(x log q), for |x| p ≤ 1.
[x] q = [x : q] = 1 − q x 1 − q cf. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] .
(1.1) (a + dpZ p ), a + dp
where a ∈ Z lies in 0 ≤ a < dp N . For any positive integer N, μ q a + dp
q a dp N q (1.3) is known to be a distribution on X (cf. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] ).
For (see [1, 2, [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] ). For q ∈ [0,1], certain q-deformed bosonic operators may be introduced which generalize the undeformed bosonic ones (corresponding q = 1); see [1, 2, [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] .
(see [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] for details). We assume that q ∈ C with |1 − q| p < 1. Using definition, we note that I 1 (g 1 ) = I 1 (g) + g (x), where g 1 (x) = g(x + 1).
Let H n (u,x) t n n! cf. [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] .
(1.15)
Kim gave a relation between B n,w and H n (u), with nth Euler numbers as follows:
Journal of Inequalities and Applications Now, we consider the case q ∈ (−1,0) corresponding to q-deformed fermionic certain and annihilation operators and the literature given therein [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . The expression for the I q (g) remains the same, so it is tempting to consider the limit q → −1. That is,
Let g 1 (x) be translation with g 1 (x) = g(x + 1). Then we see that
Therefore, we obtain the following lemma.
, one has
From (1.19), we can easily derive the following theorem.
where g n (x) = g(x + n). 
Thus we easily see that
Let χ be the Dirichlet character with conductor f (= odd) ∈ N. Ryoo et al. [16] studied the generalized Euler numbers and polynomials. The generalized Euler numbers associated with χ, E n,χ , were defined by means of the generating function
Generalized Euler polynomials, E n,χ (x), were also defined by means of the generating function
Substituting g(x) = χ(x)φ w (x)e tx into (1.21), then the generalized twisted Euler numbers E n,χ,w are defined by means of the generating functions
(1.30)
Using the above equation, E n,χ,w are defined by
Generalized twisted Euler polynomials, E n,χ,w (z), are defined by
(1.32)
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We set
Using the above equation, we have
(1.34)
Using the comparing coefficients t n /n!, we easily see that
We have the following remark.
(1.36)
Using the Cauchy product in the right-hand side of the above equation in (2), we obtain
Comparing the coefficients t n on both sides of the above equation, we arrive at (1.35).
Twisted zeta function
In this section, we introduce the twisted Euler zeta function and twisted Hurwitz-Euler zeta function. We derive a new twisted Hurwitz-type l-function which interpolates the generalized Euler polynomials E n,χ,w (x). We give the relation between twisted Euler numbers and twisted l-functions at nonpositive integers. Let χ be the Dirichlet character with conductor f (= odd) ∈ N. We set
By (2.1), we see that
From (1.30) and (2.2), we note that
Therefore, we obtain the following theorem.
Thus we define the twisted Dirichlet-type l-series as follows.
Definition 2.2.
For s ∈ C, define the Dirichlet-type l-series related to twisted Euler numbers,
Next, we introduce the Hurwitz-type twisted Euler zeta function. Since
we obtain
From (2.8), we note that 
Thus the twisted Hurwitz-Euler zeta function is defined as follows.
By Theorem 2.4 and Definition 2.5, we have the following theorem.
Let us define two-variable twisted Euler numbers attached to χ as follows. By (1.33), we see that
From (2.13), we note that
(2.14)
Hence we define two-variable twisted l-series as follows.
The relation between l w (−k,χ | z) and E k,χ,w (z) is given by the following theorem.
Theorem 2.9. For k ∈ N, one obtains
Note that
The relation between l w (s,χ | z) and ζ E,w (s,z) is given by the following theorem.
Observe that, substituting z = 0 into (2.19),
Substituting s = −n with n ∈ N,
By Theorem 2.6 and (2.21), we have
Using (1.27), we get 
Twisted q-Euler zeta function and twisted q-analog Dirichlet l-function
Our primary goal of this section is to define generating functions of the twisted q-Euler numbers and polynomials. Using these functions, twisted q-zeta function and twisted ql-functions are defined. These functions interpolate twisted q-Euler numbers and generalized twisted q-Euler numbers, respectively. Now, we introduce the generating functions F q (t) and F q (x,t). Ryoo et al. [15] treated the analog of Euler numbers, which is called q-Euler numbers in this paper. Using p-adic q-integral, we defined the q-Euler numbers as follows:
Thus we obtain
where n i is the binomial coefficient (see [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] ). Using the above equation, we have
Thus q-Euler numbers, E n,q , are defined by means of the generating function
Thus we have
Similarly, the generating function F q (t,z) of the q-Euler polynomials E n,q (z) is defined analogously as follows:
Now, we introduce twisted q-Euler numbers E n,q,w . For w ∈ T p , we define twisted q-Euler numbers as follows:
Using (3.8), we obtain
(3.9)
(3.10)
Thus we obtain the generating function of twisted q-Euler numbers E n,q,w as follows:
Observe that lim q→1 E n,q,w = E n,w . Using (3.11), we easily see that
(3.12)
Hence we obtain
From (3.11), we note that
(3.14)
Using the above equation, we are now ready to define twisted q-Euler zeta functions.
Note that ζ E,w (s) is a meromorphic function on C. The relation between ζ q,w (s) and E k,q,w is given by the following theorem.
Observe that ζ q,w (s) function interpolates E k,q,w numbers at nonnegative integers. Using p-adic q-integral, we defined the twisted q-Euler polynomials as follows: 18) where the symbol E k,q,w is interpreted to mean that E k q,w must be replaced by E k,q,w . Using (3.17), we have
(3.20)
Hence we have the generating function of twisted q-Euler polynomials E n,q,w (z) as follows:
Observe that lim q→1 E n,q,w (z) = E n,w (z). From (3.21), we note that
Using the above equation, we are now ready to define the twisted Hurwitz q-Euler zeta functions.
Note that ζ E,w (s,z) is a meromorphic function on C. The relation between ζ q,w (s,z) and E k,q,w (z) is given by the following theorem.
(3.24)
Observe that ζ q,w (−k,z) function interpolates E k,q,w (z) numbers at nonnegative integers.
Distribution and structure of the zeros
In this section, we investigate the zeros of the twisted q-Euler polynomials E n,q,w (z) by using computer. Let w = e 2πi/N in C. We plot the zeros of E n,q,w (x), x ∈ C, for N = 1, q = 1/2 (see Our numerical results for numbers of real and complex zeros of E n,q,w (x), q = 1/2 are displayed in Table 4 We will consider the more general open problem. In general, how many roots does E n,q,w (x) have? Prove or disprove: E n,q (x) has n distinct solutions. Find the numbers of complex zeros C En,q,w(x) of E n,q,w (x), Im(x) = 0. Prove or give a counterexample. Conjecture. Since n is the degree of the polynomial E n,q,w (x), the number of real zeros denotes complex zeros. See Table 4 .1 for tabulated values of R En,q,w(x) and C En,q,w(x) . The authors have no doubt that investigation along this line will lead to a new approach Degree n x employing numerical method in the field of research of the E n,q,w (x) to appear in mathematics and physics. The reader may refer to [11, [14] [15] [16] for the details. We calculated an approximate solution satisfying E n,q,w (x), N = 2,4, q = 1/2, x ∈ C. The results are given in Tables 4.2 and 4.3.
Further remarks and observations
Using p-adic q-fermionic integral, Rim and Kim [13] studied explicit p-adic expansion for alternating sums of powers. In the recent paper [10] , Kim and Rim constructed (h, q)-extensions of the twisted Euler numbers and polynomials. They also defined (h, q)-generalizations of the twisted zeta function and L-series. These numbers and polynomials are considered as the (h, q)-extensions of their previous results. However, these (h, q)-Euler numbers and generating functions do not seem to be natural extension of Euler numbers and polynomials. By this reason, we consider the natural q-extension of Euler numbers and polynomials. In this paper, we include the numerical computations for our twisted q-Euler numbers and polynomials and the Euler numbers and polynomials which are treated in this paper. In [9] , many interesting integral equations related to fermionic p-adic integrals on Z p are known. We proceed by first constructing generating functions of the twisted q-Euler polynomials and numbers. Then, by applying Mellin transformation to these generating functions, integral representations of the twisted q-Euler zeta function (and l-functions) are obtained, which interpolate the (generalized) twisted qEuler numbers at nonpositive integers.
